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ON LINEAR TRANSFORMATIONS PRESERVING
THE POLYA FREQUENCY PROPERTY

PETTER BRANDEN

ABSTRACT. We prove that certain linear operators preserve the Poélya fre-
quency property and real-rootedness, and apply our results to settle some
conjectures and open problems in combinatorics proposed by Béna, Brenti
and Reiner-Welker.

1. INTRODUCTION

Many sequences encountered in various areas of mathematics, statistics and com-
puter science are known or conjectured to be unimodal or log-concave; see [7, [30} [32].
A sufficient condition for a sequence to enjoy these properties is that it is a Pdlya
frequency (PF for short) sequence, or equivalently for finite sequences, that its
generating function has only real and non-positive zeros. It is often the case that
the generating function of a finite PF-sequence has more transparent properties
when expanded in a basis other than the standard basis {x'};>¢ of R[z]. Therefore
it is natural to investigate how P F-sequences translate when expressed in various
bases. This amounts to studying properties of the linear operator that maps one
basis to another. A systematic study of this was first pursued by Brenti in [6]. This
is also the theme of this paper.

In Section [3] we will study linear operators of the type
or = ];)Qk(x)dxk"

where F(z,2) = > 1_, Qr(z)z" € R[z,z]. Here we will give sufficient conditions
on F for ¢p to preserve the PF-property. The results attained generalize and
unify theorems of Hermite, Poulain, Pdlya and Schur. In this section we will also
give a sufficient condition for a family of natural R-bilinear forms to preserve the
PF-property in both arguments. This generalizes results of Wagner [10, [35, [36].
An important linear operator in combinatorics is the operator defined by £ ((“;))
= z*, for all i € N. In Section @] we will prove that whenever a polynomial f of
degree d has non-negative coefficients when expanded in the basis {z*(x+1)9=}¢_

the polynomial £(f) will have only real, non-positive and simple zeros.
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In the remainder of the paper we use the theory developed to settle some con-
jectures and open problems raised in combinatorics. In Section [ we prove that
the numbers {W;(n, k)}7Z, of t-stack sortable permutations in S,, with & descents
form PF-sequences when t = 2,n — 2, thereby settling two new cases of an open
problem proposed by Béna [2], B].

In Section[6] we prove that the ¢g-Eulerian polynomials A, (x;¢q), defined by Foata
and Schiitzenberger [I6] and further studied by Brenti in [J], have only real zeros
for all integers ¢q. This settles a conjecture raised by Brenti. Here we also continue
the study of the W-Eulerian polynomials, defined for any finite Coxeter group W,
and the g-analog B, (z;q), initiated by Brenti in [§].

In Section [ we prove that the h-vectors of a family of simplicial complexes
associated to finite Weyl groups defined by Fomin and Zelevinski [I7] are PF, thus
settling an open problem raised by Reiner and Welker [2§].

2. NOTATION AND PRELIMINARIES

In this section we collect definitions, notation and results that will be used fre-
quently in the rest of the paper. Let {a;}$2, be a sequence of real numbers. It is
unimodal if there is a number p such that ap < a1 < --- < a, > apy1 > -+, and
log-concave if a% > a;—1a;4+1 for all ¢ > 0.

An infinite matrix A = (a;;); j>0 of real numbers is totally positive, T P, if all mi-
nors of A are non-negative. An infinite sequence {a;}$2, of real numbers is a Pdlya
frequency sequence (PF-sequence) if the matrix (a;—;); j>o0 is TP. Thus a PF-
sequence is by definition log-concave and therefore also unimodal. A finite sequence
ap,a,as,...,a, is said to be PF if the infinite sequence aq, a1, as, ..., ay,0,0,...
is PF. A sequence {a;}$2, is said to be PF, if all minors of size at most r of
(ai—j)i >0 are non-negative. If the polynomials {b;(x)}¢_, are linearly indepen-
dent over R and r € N we define the set PF,.[{b;(x)}L ] to be

d
PE[{bi(z)}o] = {D_ Aibi(z) : {\i}i2 is PF,},
=0

and PF[{b;(x)}{o] = ;2 PF:[{bi(2)}i_o]-
The following theorem characterizes P F-sequences. It was conjectured by Schoen-
berg and proved by Edrei [15]; see also [22].

Theorem 2.1. Let {a;}52, be a sequence of real numbers with ag = 1. Then
it is a PF-sequence if and only if the generating function can be expanded in a
neighborhood of the origin as

Z i vz Hizo(l +aiz)

a2t =l ———
i>0 Hizo(l — Biz)

where v > 0, a;, B; > 0 and Zizo(ai + 5i) < oo.

A consequence of this theorem is that a finite sequence is PF' if and only if its
generating function is a polynomial with only real non-positive zeros.

Let f,g € Rlz] be real-rooted with zeros: a; < --- < o and §; < --- < ),
respectively. We say that f interlaces g, denoted f < g,if j =i+ 1 and

B <o <P << Bjm1 Lo <P
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We say that f alternates left of g, denoted f < g, if i = j and
a; < << Bisr <o < B

If in addition f and g have no common zero, then we say that f strictly interlaces
g and f strictly alternates left of g, respectively. We also say that two polynomials
f and g alternate if one of the polynomials alternates left of or interlaces the other.
We will need two simple lemmata concerning these concepts. A polynomial is said
to be standard if its leading coefficient is positive.

Lemma 2.2. Let g and {f;}_, be real-rooted standard polynomials.
(i) If for each 1 < i < n we have either g < f; or g < f;. Then the sum
F=fi+ fo+ -+ fn is real-rooted with g <X F or g < F, depending on
the degree of F.
(ii) If for each 1 < i < n we have either f; < g or f; = g. Then the sum
F=fi+ fo+--+ fn is real-rooted with F < g or F < g, depending on
the degree of F.

Proof. The lemma follows easily by counting the sign-changes of F' at the zeros of
g; see, e.g., [37, Prop. 3.5]. O

The next lemma is obvious.

Lemma 2.3. If fo, f1,. .., fa are real-rooted polynomials with fo < fn and fi_1 <
fi for all1 <i < n, then f; K f; for all0 <i < j <n.

The following theorem is a characterization of alternating polynomials due to
Obreschkoff [24] and Dedieu [13].

Theorem 2.4. Let f,g € R[z]. Then f and g alternate (strictly alternate) if and
only if all polynomials in the space

{af +Bg:a,p€R}
have only real (real and simple) zeros.
An immediate but non-trivial consequence of this theorem is

Corollary 2.5. Let ¢ : R[z] — R[] be a linear operator. Then ¢ preserves the
real-rootedness property (real- and simple-rootedness property) only if ¢ preserves
the alternating property (strictly alternating property).

We denote by N the set of natural numbers {0,1,2,...}. The symmetric group
of bijections 7 : {1,2,...,n} — {1,2,...,n} is denoted by S,,. A descent in a
permutation m € Sy, is an index 1 <4 < n —1 such that 7(i) > w(i 4+ 1). Let des(n)
denote the number of descents in 7. The Eulerian polynomials, A, (z), are defined
by An(7) =) s, 2de5(M+1 and satisfy (see e.g. [11])

n A,z
Dk ﬂfk(l_é)n)ﬂ

k>0

The binomial polynomials are defined by (g) =1and (}) = W for

kE>1.

In several proofs we will implicitly use the fact that the zeros of a polynomial are
continuous functions of the coefficients of the polynomial. In particular the limit
of a sequence of real-rooted polynomials is again real-rooted. For a treatment of
these matters we refer the reader to [23].
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3. A CLASS OF LINEAR OPERATORS PRESERVING THE PF-PROPERTY

For any polynomial F(z, 2) = >_;_, Qx(x)z" € R[z, z] we define a linear operator
¢r : Rlz] — Rlz] by

ZQk dxkf 7).

In this section we will investigate for Wthh F € Rz, 2] the linear operator ¢p
preserves the real-rootedness and the PF-properties.

We will need some terminology and a theorem from [5]. For £ € R let T¢ :
R[z] — R[z] be the translation operator defined by T¢(f(z)) = f(x +&). For any
linear operator ¢ : Rlzx] — R[z]| we define a linear transform L4 : R[z] — R[z, 2] by

Lo(f) = HT.(f))
(3.1) = S ()@

52 e

Definition 3.1. Let ¢ : R[z] — R[z] be a linear operator. Define a function
dy : Rlz] — NU {00} by: If ¢(f™) = 0 for all n € N, we let dy(f) = —oc.
Otherwise let dy(f) be the smallest integer d such that ¢(f(™) = 0 for all n > d.
Hence dy(f) < deg f for all f € Rz].

The set A(¢) is defined as follows: If dy(f) € {—00,0} and ¢(f) is standard real-
and simple-rooted, then f € A(¢). Moreover, f € A(¢) if d = dy(f) > 1 and all of
the following conditions are satisfied:

(i) ¢(f™) all have leading coefficients of the same sign and deg(¢(f¢—1)) =
deg(a(f@)) +1 for 1 <i < d,
(ii) @(f) and ¢(f’) have no common real zero,
(iii) ¢(f(?9) strictly interlaces ¢(f4=1),
(iv) for all £ € R the polynomial L£4(f)(&, 2) is real-rooted.

The following theorem is proved in [5].

Theorem 3.2. Let ¢ : R[z] — R[z| be a linear operator. If f € A(¢), then ¢(f) is
real- and simple-rooted.

We will also need the following classical theorem of Hermite and Poulain. For a
proof see [24].

Theorem 3.3. Let f = ag + a1z + -+ + apx™ and g be real-rooted polynomials.
Then the polynomial

d
f(@

is real-rooted. Moreover, if f(d%)g # 0, then any multiple zero of f(%)g is a
multiple zero of g.

)9 = aog(@) + arg' () + -+ + ang™ ()

The following theorem gives a sufficient condition for a polynomial to be mapped
onto a real-rooted polynomial.
Theorem 3.4. Let F =Y, _ Qx(x)z" be such that Qo # 0 and
(I) For all £ € R, F(&, 2) is real-rooted,
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(I1) Qo strictly interlaces or strictly alternates left of Q1, and deg Qo = 0 or
Qo and Q1 have leading coefficients of the same sign.

Suppose that

(IIT) f is real- and simple-rooted and that for 0 < k < deg f the polynomials
or(f*)) have their leading term of the same sign with

deg ¢ (f*)) = deg Qo + deg f — k.
Then ¢ (f) is real- and simple-rooted.

Proof. We will show that the set of real- and simple-rooted polynomials satisfying
(I11) is a subset of A(¢r) by verifying conditions (i)-(iv) of Definition[3Il Condition
(i) follows immediately from (III). For condition (iv) note that

Lo(£)(&2) = Q@) fM (& +2),
k=0

so by Theorem B3] condition (iv) is satisfied. Suppose that 1 is a common zero
of ¢r(f) and ¢p(f’). By BI) we have that 0 is a multiple zero of L4(f)(n, 2).
Moreover, since L4(f)(n,2) is not identically equal to zero, by (II), Theorem B3|
tells us that 0 is a multiple zero of f(n+ z). This means that n is a multiple zero
of f contrary to the assumption that f is simple-rooted, and verifies condition (ii).

For condition (iii) we have to show that for all a € R such that z+« satisfies (III)
the polynomial ¢ (1) = Qg strictly interlaces f(x) := ¢p(x+a) = (z+a)Qo+ Q1.
This follows from (II) when analyzing the sign of f(z) := ¢r(z + «) at the zeros of
Qo: Let ap < ap_1 < -++ < ay be the zeros of Qg ordered by size. Suppose that Qg
and @, are standard and that Qg strictly interlaces or strictly alternates left of Q.
Then sgn f(a;) = sgn Q1 (a;) = (1) for 1 <14 < k. By Rolle’s theorem we know
that f has a zero in each interval («;, ;41). This accounts for k — 1 real zeros of f.
Since Qo has positive sign, so does f by condition (III). Now, because f(a1) < 0
and f is standard, f must have a zero to the right of a;. We now know that f has k
real zeros. The signs at «; force the remaining zero to be in the interval (—oo, ay).
Thus Qg strictly interlaces f as was to be shown.

Now, if Q9 = A € R, then deg @1 < 1. Suppose that Q1 = B € R. Then clearly
A strictly interlaces (z +a)A+B. If Qo = A and Q1 = Cx+ D where A,C,D € R,
then f = (A + C)x + Aa+ D, so by (III) we have that Qg strictly interlaces f.
This concludes the proof. O

In some cases it may be convenient to have a sharper hypothesis. Therefore we
state the following form of the theorem.

Corollary 3.5. Let d € N be given and let F =Y, _, Qp(z)2"* be such that Qo # 0
and
(i) For all§ € R, F(&, z) is real-rooted.
(ii) Qo strictly interlaces or strictly alternates left of Q1, and deg Qo = 0 or
Qo and Q1 have leading coefficients of the same sign.
(iii) The polynomials ¢r(x*), 0 < k < d have the same sign and

deg ¢ (2") = deg Qo + k.

Then ¢r(f) is real-rooted (real- and simple-rooted) if f is real-rooted (real and
simple-rooted) and deg(f) < d.
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Proof. The case of real- and simple-rooted f follows immediately from Theorem [3:4]
since (iii) implies (III). If f is a real-rooted polynomial of degree at most d, then f
is the limit of a sequence {f;}72, of real- and simple-rooted polynomials of degree
at most d. It follows that ¢p(f) is the limit of ¢ (fr), and the thesis follows by
continuity. (I

In the language of PF-sequences we have

Theorem 3.6. Let d € N be given and let F = Y }'_ Qr(z)zF € Rz, 2] be such
that Qo # 0 and

(i) For all§ € R, F(&, z) is real-rooted.
(ii) ¢p(1) strictly interlaces ¢ (x).
(i) For all0 <k <d
deg ¢ (a") = deg Qo + &,
and ¢p(z*) € PFy.
Then PF[{¢r(z")}L ] C PF[zY.

Several old results can be derived from these last few theorems. In [25 p. 163]
Pélya gave a theorem which he states was probably the most general theorem on
real-rootedness known at the time. “Dieser Satz gehort wohl zu den allgemeinsten
bekannten Sétzen iiber Wurzelrealitét”.

Theorem 3.7. Let f(x) be a real-rooted polynomial of degree n, and let
bo + b1x + -+ bypa™ ™™ (m > 0)
be a real-rooted polynomial such that b; > 0 for 0 < i <mn. Then the equation
Gle.y) = bof (y) + braf (y) + oz S (9) + -+ bua" f ™ (y) = 0
has n real intersection points (counted with multiplicity) with the line
sz —ty+u=0,
provided that s,t >0, s+t >0 and u € R.

Proof. We may assume that s,¢ > 0 since the other cases follow by continuity when
s and/or t tends to zero. Thus we may write the equation as

aog(z) + a1zg' (z) + aza’g” (z) + -+ + ana" g™ (z) = 0,

where g(z) = f(st ™tz +ut™!) and a; = s't~'b;. Now, we see that all hypotheses of
Corollary are satisfied for
n+m _n+m

2.2
F(z,2) =ap+ a1z + a2x°2" + -+ - 4 Gpypm@ z ,

when d = n. O

We will later need one famous consequence of this theorem, ¢t = 1,s = u = 0,
due to Schur [29].

Theorem 3.8. Let f = ZZ:O arz® and g = Z?:o brx® be two real-rooted polyno-
mials such that g has all zeros of the same sign. Then the polynomial

(fSg)(x) = Klaybga®,

k>0

where M = min(m, n) has only real zeros.
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3.1. Multiplier-sequences. A multiplier-sequence is a sequence T = {v;}32, of
real numbers such that if a polynomial f(x) = ag + a1z + - - - + a,z™ has only real
zeros, then the polynomial

Tf(x)] == agyo + a1 + -+ + apynz"”

also has only real zeros. There is a characterization of multiplier-sequences due to
Pélya and Schur [25, pp. 100-124], as follows.

Theorem 3.9. Let T = {;}32, be a sequence of non-negative real numbers and
let p(x) =T[e*] = rey 7’%% be its exponential generating function. Then T is a
multiplier-sequence if and only if ¢ is a real entire function which can be written as

oo

o(z) = cameP” H(l + o),

k=1
where ¢ >0, 3>0, 6, >0, n €N and Y 1o, 6 < .

The following lemma is well known (see [25]).
Lemma 3.10. A nonnegative multiplier-sequence has no internal zeros.

Theorem 3.11. Let {\;}72, be a non-negative multiplier-sequence, and let o <
B € R be given. Define two R-bilinear forms R[x] x R[z] — R[z]| by

g = 3O @) - a) @ - ),

k>0

Ak
fog = Y %M@M - ).
k>0
If f is real-rooted and g is [« B]-rooted, then f - g is real-rooted. If f is real-rooted
and g is [—00, a]-rooted, then f o g is real-rooted.

Proof. We prove the statement for - since the case for o is similar. We may assume
that A\g > 0. Clearly the theorem is true if A; = 0 for all ¢ > 0, so by Lemma 310
we may assume that A\; > 0. Let g have all zeros simple and in the interval (o, 3),
and let ¢ be the linear operator defined by ¢(f) = f-g. Then ¢ = ¢, where
(k)
9" (x)
F(z,z) = Z AL I (x — a)k(:c - ﬁ)kzk.

k>0

Since {Ag}r>0 is a multiplier sequence, F(§, z) is real-rooted for all real choices of
¢. Now, Qo = Aog(z) and Q1 = A (z — a)(z — B)g'(x), so Qq strictly interlaces Q1.
Moreover, deg ¢(x*) = deg Qo + k for all k, so all the hypothesis of Corollary
are fulfilled. Since any [«, f]-rooted polynomial is the limit of polynomials which
are (a, 3)- and simple-rooted, the thesis follows by continuity. O

There are a few bilinear forms on polynomials that occur frequently in combi-
natorics. Let # : R[z] x R[z] — R[z] be defined by

k
x
(F#9)(x) =Y [0 ()g™ (@) 7
k>0
This product is important when analyzing how the the zeros of o-polynomials
behave under disjoint union of graphs; see [10].
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Theorem 3.12. Let f be real-rooted and let g have only real zeros of the same
sign. Then f#g is real-rooted.

Proof. The theorem follows from Theorem[B.11] since {1}72  is trivially a multiplier-
sequence. O

This generalizes a result of Wagner, who proved that f#g¢ is real-rooted whenever
f and g have only non-negative zeros; see [10, [35].
The diamond product of two polynomials f and g is given by

(32) (roga) = X L@@ k(g

k>0

This product is important in the theory of (P, w)-partitions and the Neggers-Stanley
conjecture and was first studied by Wagner in [36], [37]; see also Section [ of this
paper. Applying Theorem B.I1] with the multiplier-sequence {4 }x>0 we get

Theorem 3.13. Let f be real-rooted and let g have all zeros in the interval [—1,0].
Then f ¢ g is real-rooted.

This was first proved by Wagner [37] under the additional hypothesis that f has
all zeros in [—1, 0], and generalized by the present author in [5].

A sequence of real numbers I' = {y;}72, is called a multiplier n-sequence if
for any real-rooted polynomial f = ag + a1z + - -+ + a,z™ of degree at most n the
polynomial T'[f] := agyo + a1712 + - - - + anyna™ is real-rooted. There is a simple
algebraic characterization of multiplier n-sequences [12], as follows.

Theorem 3.14. Let I' = {v;};2, be a sequence of real numbers. Then T' is a
multiplier n-sequence if and only if T'[(x +1)"] is real-rooted with all its zeros of the
same sign.

Recall the definition of the hypergeometric function o Fi:

[ee]

DN (a)m(b)mzm
2F1(a,bsc;2) = mZ::o W7
where (a)g = 1 and (a),, = ala+1)---(a+m — 1) when m > 1. The Jacobi
polynomial pLer) () can be expressed as follows [26] p. 254]:

(1+a),

(33)  P(@) ="

1_
o Fy (—n,l—i—a—l—ﬁ—l—n;l—i—a; 230).

We need the following lemma.

Lemma 3.15. Let n be a positive integer and r a non-negative real number. Then
= {(7"7")}, is a multiplier n-sequence.

Proof. Let r > 0. Then

n —n—r\[n\ i
Tz +1)" = ;( L )(k)x
= oF(—n,n+mrlz)
= POTD(1 - 21),
where the last equality follows from ([B3]). Since the Jacobi polynomials are known
(see [26]) to have all their zeros in [—1, 1] when «, 5 > —1, we have that I'[(z +1)"]
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has all its zeros in [0, 1]. The case r = 0 follows by continuity when we let r tend
to zero from above. O

For any real number ¢ let T'y := {g+ k}72 ). The following corollary was already
known to Laguerre.

Corollary 3.16. Letn > 1 be a positive integer. ThenI'y is a multiplier n-sequence
if and only if ¢ ¢ (—n,0).

Proof. Let ¢ € R be given. We have to determine for which n > 1 the zeros of
[y[(x + 1)"] are all real and of the same sign. Now,

Dol(z +1)"] = (z+ )" H(n + )z + q},

and the theorem follows. O

4. THE E-TRANSFORMATION

The E-transformation is the invertible linear operator £ : R[z] — R[z| defined
by

for all i € N. The PF-preserving properties of this linear operator was first studied
in [0] and later in [36] [37] and [5]. It is important in the theory of (P,w)-partitions
since it maps the order-polynomial of a labeled poset to the E-polynomial of the
same labeled poset; see [6l [36]. In, [6] Brenti proved the following theorem. Let
A(f) and A(f) denote the smallest and the largest real zero of the polynomial f,
respectively.

Theorem 4.1. Suppose that f € R[z] has only real zeros and that f(n) =0 for all
n € ([A(f), =1 U0, A(f)]) NZ. Then E(f) has all zeros real and is non-positive.

In this section we will prove the following theorem.

Theorem 4.2. For all n € N we have
PRl + 1Y) € PF( )1

Moreover if f € PFy[{z(x 4+ 1)"*}2_,], then E(f) has simple zeros and
E((z+ 1)) < E(f) < E(x?).

The diamond product ([B2) is intimately connected with the E-transformation.
By the Vandermonde identity

()C) =S (evins—ens) ()

it follows (see [37]) that

(4.1) (fog)(x) :=EETNHE(9)
We will later need a symmetry property of £. Let R : Rlz] — R[z] be the algebra
automorphism defined by R(z) = —1 — z.

Lemma 4.3.
RE=ER.
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Proof. Let n be a non-negative integer. Using the identity

()2 00

and the fact that (7%7") = (=1)"("1"), we get

n

€R<z> - (1)n5§x : ”)
2 ()2

= (-1—-2)"

()

and the lemma follows. O

Lemma 4.4. Let a € [—1,0] and let f be a polynomial such that E(f) is [-1,0]-
rooted. Then E((x — ) f) is [—1,0]-rooted and E(f) interlaces E((x — ) f). If E(f)
in addition only has simple zeros, then so does E((x — a) f).

Proof. Let g = £(f) and let @ € [—1,0]. By (32)) and (&I we have that
(4.2) E((z—a)f) = (z - a)g +a(z+ 1)g"

Since g interlaces (z — a)g and z(xz +1)g’, it also interlaces the sum by Lemma 2.2
Also, if x ¢ [—1,0], then the summands have the same sign, so £((z — a) f) cannot
have any zeros outside [—1,0]. Suppose that g has only simple zeros. Then by (£2)
the only possible common zeros of g and £((z — ) f) are 0 and —1. If deg(f) > 1 it
also follows from ([@.2)) that the multiplicities of 0 and —1 of £((x—«) f) are the same
as those of g. Hence the (simple) zeros of g separate the zeros of £((x — ) f) except
possibly at 0, —1, and we conclude that £((x — «) f) has only simple zeros. O

Lemma 4.5. For all integers n > 1 we have
(x+1D)E(a™) =2&E((z+ 1)M).
Proof. We may write

where a; € R. Thus
E(x+1)") = ;akg[(i> - (ki1>}

n
= Y ek +a* )
k=1

= (z+ 1)z 'E™).
(]

Let f and g be standard real-rooted polynomials of degree n and let the zeros
of fand gbe a1 <as <--- < a, and B < [ < --- < 3, respectively. We write
f<gifa; <G forl <i<n.
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Theorem 4.6. Suppose that f and g are [—1,0]-rooted with f < g. Then E(f) and
E(g) are [—1,0]- and simple-rooted, with E(f) < E(g).

Proof. By Lemma [£4] and induction we only have to show that £(f) < £(g). If
f and g have the same zeros except for one, i.e., f = (x — a)h and g = (z — B)h,
where o < 3, then

E(g) =&(f) — (B —a)&(h),
and since E(h) interlaces £(f) we have £(f) <« €(g) by Lemma 22
Now, suppose that f and g are [—1, 0]-rooted polynomials of degree n such that
f < g. Then there are [—1,0]-rooted polynomials {h;}, with
(x+1)"=ho<h <---<hpy=2a",
such that f,g € {h;}}, and h;_; and h; only differ in one zero for 1 <i < n. We
therefore have

E(hg) < E(h) < - < E(hn),
and since E(hg) < E(hpr), by LemmalLH the theorem follows from Lemma23 O
A consequence of Theorem[d.6lis that if {f;}7, is a sequence of standard [—1, 0]-
rooted polynomials of the same degree d, then by Lemma [2.2] and Theorem [£.6], the
image under & of any non-negative sum F = Y " i, f; will be [—1, 0]-rooted with
E((z+ 1)) < E(F) < E(a%).
It is easy to see that a standard polynomial f of degree d is [—1,0]-rooted if and

only if f can be written as

fla) = (x+1)%g(

),

where g is a standard and (—oo, 0)-rooted. On the other hand, since z%(z + 1)9~¢
is [—1, 0]-rooted, we have that F' can be written as a non-negative sum of standard
[—1, 0]-rooted polynomials of degree d if and only if

z+1

d
F(z) = Z aix’(x +1)771
i=0
where a; > 0. This proves Theorem

5. t-STACK SORTABLE PERMUTATIONS

For relevant definitions regarding t-stack sortable permutations, we refer the
reader to [2]. Let Wy(n, k) be the number of t-stack sortable permutations in the
symmetric group S, with k descents, and let

n—1
Wik (z) = Z Wi(n, k)z".
k=0

Recently, Béna [I, [3] showed that for fixed n and ¢ the numbers {W;(n, k)}7Z;
form a unimodal sequence. When ¢t = n — 1 and t = 1 we get the Eulerian and
the Narayana numbers (see [34] and [3I, Exercise 6.36]), respectively. These are
known to be PF-sequences, and Béna [2] [3] has raised the question of whether this
is true for general t. Here we will settle the problem to the affirmative for ¢ = 2
and t =n — 2.
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The numbers Wa(n, k) are surprisingly hard to determine despite their compact
and simple form. It was recently shown that

(n+k)!(2n—k—1)!
(k+ D! (n—k)1(2k + 1)!1(2n — 2k — 1)1

See [4 [14], 19, 21] for proofs and more information on 2-stack sortable permutations.
From the case r = 0 in Lemma [3.15] and the identity

(" )0 -2 () (e

it follows that (2"71__]1_ 1) is an m-sequence.

PVé(n,k)::

Theorem 5.1. For all n > 0 the sequence {Wa(n,k)}}Z), which records 2-stack
sortable permutations by descents, is PF'.

Proof. We may write Wa(n, k) as

(s YU [y

()

PVé(n,k)::

A simple consequence of the notion of PF-sequences reads as follows: If {a;}i>0
is PF, then so is {ax;}i>0, where k is any positive integer. Applying this to the
polynomial (1 + x)?" we see that 3, (,r1,)" is real-rooted. Therefore the poly-

nomial
n—1 n—1
k 2 2n —k —1 2
S () e ) = () )
i \n— + P n— +
is real-rooted. Another application of LemmaBI5 gives that W, o(z) is real-rooted.

O

It is easy to see that a permutation 7 € S,, is (n — 2)-stack sortable if and only
if it is not of the form onl. Thus the generating function satisfies

Wy po(x) = Ap(x) — zAn_2(x),
where A,,(z) is the nth Eulerian polynomial.
Theorem 5.2. For all real numbers t > —2 and integers n > 2, the polynomial
An(t,x) = Ap(z) + tz A, —2(x)

is real- and simple-rooted. Moreover, A, (t,x)/x strictly interlaces An11(t,z)/x for
-2 <t <3,

Corollary 5.3. For all n > 2 we have that {W,_2(n,k)}!Z} is PF. Moreover,
Wi n—a(x) strictly interlaces Wy11 p—1(x).

Proof of Theorem B2 Tt is well known that A,,_1(z) < zA,_2(x) and A,_1(x)
A, (x). So by Lemma 22 we have that A, (¢, x) is real- and simple-rooted for ¢ >
However, when ¢ < 0 a similar argument does not apply.

Let Ey(t, ) = An(t, 115)- Then

E,(t,x) = Ep(z) + tz(l + z)Ep—o(x),

=
0.
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where the coefficient to z* in E,,(x) counts the number of surjections o : [n] — [k];
see [6l B6]. These polynomials satisfy the recursion

E,(z) = x%((l +2)Ep_1(x)),

with initial condition Ej(z) = . Thus, if we let Gy, () = E,11(x)/x we have the
following recursion:

(5.1) Gn(w) = - (@1 + 2)G1(a),
with Go(z) = 1. Obviously G, (z) is real- and simple-rooted. If we apply (B1) two
times we get the equation
Gn(x) = (14 6z + 622G, _o(x) + 32(1 + 22) (1 + )Gl _5(z)
+2%(1+2)°Gh (@),
and for G, (t,z) = Gy (z) + tz(1 + 2)G,—2(x) we have

Gn(t,z) = (14 (6 4+ t)z + (6 + 1)2*)Gro2(x) + 32(1 + 22) (1 + 2)G)_o ()
+ 231+ 2)2GY_,(2).
To apply Theorem B4 we need show that for all £ € R and —2 < ¢t < 0 the
polynomial
F(&,2) == (1+ (6+1)E+ (6+1)€%) +3E(1 +26) (1 + &)z + E2(1 + £)%2?
is real-rooted. The discriminant of F(¢, z),
A(F(£,2) =1+ 62+t + (3 - 1)(1+26)%),

is non-negative when —2 < t < 3, so F(¢, z) real-rooted for these t. Since all the
Qs are standard, it is easy to see that condition (III) in the statement of Theorem
B.4is satisfied. Moreover, 1+ (6+t)z + (6+t)z? strictly interlaces 3z (1 +2xz)(1+x)
when t > —2, so Theorem [B.4] applies. Since G, strictly interlaces G, 1, we have
by Theorem 3.4l and Corollary that ¢ (G,,) strictly interlaces ¢p(Gpy1). Thus
A, (t, x) strictly interlaces A, 41(t, x). O

6. ¢-EULERIAN AND W-EULERIAN POLYNOMIALS

A g-analog of the Eulerian polynomials was introduced and studied in [16] and
further studied in [9]. It is defined by

An(z39) = Y a™ Mg,
TK'ESn

where ¢(7) and exc(7) denote the number of cycles and excedances in 7, respectively.
These polynomials satisfy the recursion

An+1($;Q) = (nm + q)An(x;q) - {E({E - 1)%An(x;Q)v

with initial condition Ag(x;q) := 1. See [9] for a proof. The following theorem
appears in [9].

Theorem 6.1. Let ¢ € R, ¢ > 0. Then the polynomials A, (x,q) have only real
non-positive simple zeros.

Brenti also makes the following conjecture.
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Conjecture 6.2. Let n,m € N. Then A, (x;—m) has only real zeros.

In what follows we will prove this conjecture using multiplier n-sequences. For
n € N define the polynomials E,(x;q) by

x
E,(x;q) := (1 "A,(——;q).

(53) == (14 )" Au(—10)
It is clear that E, (x;q) is real-rooted if and only if A, (x;q) is real-rooted. These
polynomials satisfy a somewhat easier recursion. Namely,

(61) Enia(:0) = (1+ ){aBa(z;0) + a5~ Bl )}

with initial condition Ey(x;q) = 1. Now, for ¢ € R let I'; : R[z] — Rz] be the
linear operator defined by I'y(f(z)) = ¢f(z) + zf'(x). Since I'y(z") = (¢ +n)z™ we
may apply Corollary

Theorem 6.3. Let g € R andn € N. If ¢ > 0, n < —q or q € Z, then E,(z;q)
has only real zeros.

Proof. We may write (G.1)) as
En+1(ZIJ; q) = (1‘ + 1)Fq[En(x; L])}

The cases ¢ > 0 and n < —¢q follow from Corollary by induction. We may
therefore assume that ¢ = —m is a negative integer. We claim that deg E,,(z;q) = n
if n <m and deg E,(x;¢q) = m if n > m. From this the real-rootedness follows by
Corollary and induction. The case n < m is clear since

Lz =—-(m-n+1)<0.

The case n > m also follows by induction. Suppose that n > m and that deg F,, (z; q)
= m. Then by the recursion we have that deg E,,11(z;q) < m+ 1. Moreover, since
Ty[z™] = 0 we have that deg E,4+1(z;¢) < m. Let a # 0 be the coefficient to
™ of E,(z;q). Then the coefficient to 2™ of E,1(z;q) is al'y[z™ 1] = —a, so
deg E,,11(x;q) = m, and the thesis follows. O

The Eulerian polynomial P(W, z) of a finite Coxeter group W is the polynomial

P(W,x) =Y atwl),

ceW

where dy (o) is the number of W-descents of o; see [8]. This polynomial is also
the generating function for the h-vector of the Coxeter complex associated to
(W, S). For Coxeter groups of type A, we have that P(A,,z) = A,(z)/x, the
shifted Eulerian polynomial. Also, for Coxeter groups of type B,, it is known (see
[8]) that P(B,,z), has only real zeros. It is easy to see that P(W; x Wa,x) =
P(Wh,x)P(Wa, z) for finite Coxeter groups Wy and Ws. Also, the real-rootedness
can be checked ad hoc for the exceptional groups. Thus, by the classification of
finite irreducible Coxeter groups, to prove that P(W, z) has only real zeros for all
finite Coxeter groups it suffices to prove that P(D,, z) is real-rooted for Coxeter
groups of type D,,. The real-rootedness of P(D,,x) is conjectured by Brenti in [g].
It is known that the Eulerian polynomials of type A,, B, and D,, are related by
(see [8, 27, 33])

P(D,,z) = P(B,,z) —n2" 'zP(A,_1,1).
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This relationship was first noticed by Stembridge [33]. One step towards proving
the real-rootedness of P(D,,, ) is to learn more about the relationships between
the zeros of P(B,,,x) and P(A,,x).

Brenti [§] introduced a g-analog of P(B,,,x)

(6.2) Bu(xiq) = Y ¢V,
oceB,

where dg (o) is the number of B,,-descents of o and N(o) is the number of negative
entries of o; see [§]. He proved that

(6.3) (A4t 1)’ =

i>0

By (;9)
(1 _ I)n—i—l )

and that B, (z;q) is real- and simple-rooted for all ¢ > 0. Suppose that f(i) is a
polynomial in i of degree d; then the polynomial W (f) is defined by

Nt = @)

i>0 1—a)itt
One can show (see [0]) that £(f) and W(f) are related by
(6.4) E(f)x) = L) S OW () (7=)-

142z
It follows that W (f) has only real non-positive roots if and only if £(f) is [-1, 0]-
rooted.

Since ((1 + ¢)i + 1)™ is a [—1,0]-rooted polynomial in ¢ for any ¢ > 0, it
follows from, e.g. Theorem 2] that B,(x;q) is real-rooted in z for any fixed
¢ > 0. Tt is natural to generalize B, (x;q) to have n + 1 parameters as B, (z;q) :=
W( [T, ((1 +q)r+ 1)) This polynomial has a nice combinatorial interpretation,
as follows.

Theorem 6.4. For allm € N we have

Bn(;]j7 q) — Z qi<1(o)q2xz(o) . '(]:g"(a)tdB(U),
oc€B,

1 ifO'i <0,
Xz‘(U) = .
0 ifo; >0.

where

Proof. The proof is an obvious generalization of the proof of Theorem 3.4 of [§]. O

Note that this theorem gives a semi-combinatorial interpretation of the W-
transform of any [—1,0)-rooted polynomial.

Corollary 6.5. Letn € N and let q1,q2, - - ., g, be non-negative real numbers. Then
B,.(z;q) has only real and simple zeros.

We need the following lemma on the degree of W (f).
Lemma 6.6. Let f € R[z]. Then
degW(f) =deg f — mult(—1,E(f)).
Moreover, mult(—1,E(f)) is equal to the mazimal integer k such that
(x+1)(z+2)---(x+k)
divides f.
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Proof. Since deg E(f) = deg f for all f, we have by (6.4]) that deg W (f) = deg f —
mult(—1,&(f)). If we expand f in the basis {(_xi_l)} as

fo) = a7

we have by Lemma [£.3] that
E(f)(x) =) ai(w+1),
i>0

and the lemma follows. O

We now have more precise knowledge of the location of the zeros of B, (z;q) for
any given q > 0.
Theorem 6.7. Let 0 < g <t € R and let n > 0 be an integer. Then

By (2;0) = By (z;t) < Bp(z;q) < xBp(z;0),

where the first three polynomials have no common zeros.

Proof. Let 0 < r < s < 1. Then by the proof of Lemma 4] we have

E(@™) € E(x(z + 7)) Kapriet E((x +1)") Latriet E((x +7)" "Lz + 5))
< E((x + 8)") Kstriet E((x +5)" "z +1)) < E((z+ 1)),
where < i+ means strictly alternating left of. Since (z+1)E(z") = x&((x +1)™),
this implies
E(@") Lstrict E((@+71)") Lstrict E((7+5)") Lstricr E((x+1)").

Now since
1 1 T
By (x;q) = H"w —)") = H*(1—x)"E —)"
n(T3q) = (q+1) ((x+1+q)) (¢+1)"(1—=) (($+1+q) N2
we see by Lemma that deg By, (z;0) = n — 1 and deg B,,(z;q) = n if ¢ # 0.
Moreover, the alternating property is preserved under the operation (6.4]), and the
theorem follows. O

It follows from (6.2]) that P(B,,z) = B,(x;1) and P(A4,,z) = B,(z;0).

Corollary 6.8. For all integers n > 1 we have that P(A,,x) strictly interlaces
P(B,,x).

Since P(A,,z) < 2P(A,_1,2) and P(A,,x) <X P(B,,z), we have by Lemma
that for all ¢ > 0 the polynomial P(B,,x) + txP(A,_1,x) is real-rooted. Un-

fortunately a similar argument does not apply when ¢ < 0.
One can extract more from (6.3]). Brenti [§] proved that the polynomial

T e
c€B,,N(o)e{k,n—k}

is real-rooted for all choices of 0 < k < n. Using Theorem we can extend this
result to the following corollary.
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Corollary 6.9. Let S be any subset of [0,n]. Then the polynomial
P(B,,S;x) := Z z%8(7)
oc€B,,N(c)eS

has only real and simple zeros.

Proof. Comparing the coefficient of ¢* in both sides of (6.3 we see that P(B,,S;z)
= W(fn(S;x)), where

fu(Sin) =% (Z) @+ 1),

seS
So the theorem follows from Theorem O

One instance of Corollary is particularly interesting. Recall that a Coxeter
group of type D,, is isomorphic to the subgroup

D,={ceB,: 2|N(0)}.
Hence, we have the following corollary.

Corollary 6.10. For alln € N the polynomial
3wt
oceD,
has only real and simple zeros.
Note that the above polynomial is not P(D,,x), since B,-descents and D,,-

descents are not the same.

7. THE h-VECTOR OF A FAMILY OF SIMPLICIAL COMPLEXES
DEFINED BY FOMIN AND ZELEVINSKY

Fomin and Zelevinsky [I7] recently associated to any finite Weyl group W a
simplicial complex Apz(W). For the classical Weyl groups the corresponding h-
vectors (polynomials) are given by

MApz(An-1),x) = 711;2(2) <k;j—1>xk’

o) = " /n\ (n ok
e = 3 (1) (1)
h(Apz(Dn),IE) = h Apz(Bn),(ﬂ) — n%h(Apz(An_Q),IC).

It is known that the h-polynomials corresponding to A, and B, have only real
zeros. Here we will show that so has h(Apz(D,),x).

Theorem 7.1. Let o, € R be such that o > 0,2a+ 3 > 0 and let n > 2 be an
integer. Then the polynomial

Fu(a, B) = ah(Apz(Bn), x) + fnah(Apz(An—2), )

is real- and simple-rooted. Moreover, h(Apz(Bp—1),x) strictly interlaces F,(c, 3)
if @« > 0 and strictly alternates left of Fy,(«, B8) if a = 0.

Corollary 7.2. Let W be a finite Weyl group. Then h(Apz (W), x) has only real
and simple zeros.
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Proof. For the exceptional Weyl group one can check the real-rootedness ad hoc;
see [28]. The other cases follows from Theorem [T.11 O

The Hadamard product of two polynomials
p(x) = ao+arz+---+ana™,
q(x) = bo+bx+---+bya”
is the polynomial
(p*q)(x) = aghy + arbix + - - + anbyz™,

where N = min(m, n). Mélo proved that if the zeros of p are real and the zeros of
q are real and of the same sign, then the zeros of p x ¢ are real as well. This also
follows from Theorem B8 since p x ¢ = I'[pSq|, where T" is the multiplier sequence
{&3%,. It is known (see e.g. [18]) that if f has only real zeros, then all zeros of
I'[f] are real and simple except for possibly at the origin.

Proof of Theorem [[ 1l We may write F,(a, 3) as
Fo(e, B) = a(z + 1) f + (20 + B)g,

where f = (z4+1)" "t (z+1)"and g = (z(z+ 1)" ') x (x+ 1)" L.
By the discussion before this proof we have that for all real choices of v,§ € R
the polynomial

vf+0g=((v+6x)(x+1)" ) x (w+1)" !

is real- and simple-rooted. By the Obreschkoff theorem we infer that f strictly
alternates left of g. Now, since f < (z 4+ 1)f and f < g we know by Lemma
that f either interlaces or alternates left of F,,(«, ) for all o, € R such that
sgn(a) = sgn(2a+ (). Moreover, since g and f have no common zeros, neither does
F,(a, ) and f (provided that 2a.+ 5 # 0). O
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